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Accurate Wide-Range Design Equations for
the Frequency-Dependent Characteristic of
Parallel Coupled Microstrip Lines

MANFRED KIRSCHNING anND ROLF H. JANSEN, MEMBER, IEEE

Abstract —In this paper, closed-form expressions are presented which
model the frequency-dependent even- and odd-mode characteristics of
parallel coupled microstrip lines with hitherto unattained accuracy and
range of validity. They include the effective dielectric constants, the
characteristic impedances using the power—current formulation, as well as
the open-end equivalent lengths for the two fundamental modes on coupled
microstrip. The formulas are accurate into the millimeter-wave region.
They are based on an extensive set of accurate numerical data which were
generated by a rigorous spectral-domain hybrid-mode approach and are
believed to represent a substantial improvement compared to the
state-of-the-art and with respect to the computer-aided design of coupled
microstrip filters, directional couplers, and related components.

1. INTRODUCTION

HE STATIC NUMERICAL solution of Bryant and
Weiss in 1968 [1] provided one of the first reliable
and accurate sources of information on coupled microstrip
transmission-line characteristics. Their MSTRIP computer
program [2] has been used by numerous authors as a
reference, and has been validated by comparison with
many other sources. Several years after the appearance of
this computer program, the first frequency-dependent spec-
tral domain analyses of coupled microstrip lines became
available [3]-[7]. Today, the algorithms used to perform
such computations have been developed to a higher matur-
ity level, and efficient program packages exist which are
suited for industrial application [8]-[13]. Using these, the
frequency-dependent characteristics of coupled microstrip
lines can be calculated to practically any required degree of
accuracy.
Parallel to the mentioned rigorous computational efforts,
a larger number of contributions have dealt with the de-
scription of coupled microstrip design data in the form of
closed analytical expressions. A selection of the more rep-
resentative papers on this topic is given in the references
of this paper [14]-[25]. Since reviews of the state-of-the-art
of coupled microstrip design formulas, up to about the end
of 1979, can be found in three recent books on computer-
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aided microstrip circuit design [26]-[28], only the latest
developments have to be recapitulated here. The accumula-
tion of analytical approaches to the problem of describing
coupled microstrips within the last few years can partially
be explained as a consequence of microwave technology
improvements, in so far as circuits and substrates of de-
creased tolerances justify and inspire descriptions of in-
creased accuracy. These descriptions should preferrably be
available as closed-form analytical models which are a
requirement resulting from the growing application of
computer-aided design tools in the microwave industry.
Numerical algorithms, like those listed in [1]-[13], are
accurate and are reliable sources of design information, but
are too time-consuming for direct use in circuit optimiza-
tion routines. Finally, the recent trend toward analytical
modeling efforts on the whole has been accelerated by the
rapid development of monolithic microwave integrated cir-
cuits during the last time period.

Today, it appears that the most accurate and generally
valid static model of coupled microstrips has been given by
Hammerstad and Jensen in 1980 [24]. The goal of these
authors was to obtain results with errors at least less than
those caused by physical tolerances. Recently March [25]
verified the accuracy specifications of [24] through detailed
comparison with the MSTRIP computer program [2] and the
results reported by Jansen [10]. Also, comparison with the
spectral-domain hybrid-mode program used in this paper
[11}, [13] confirms that the static equations presented by
Hammerstad and Jensen generally have maximum errors
less than 1 percent, except for some limiting situations. In
addition, the computer program used here as a reference
has been validated itself extensively by single and coupled
microstrip dispersion measurements since its generation in
1978. Therefore, Hammerstad and Jensen’s static equations
can be judged to be superior to those of Garg and Bahi
[22], who report a 3-percent (characteristic impedances)
and 4-percent (effective dielectric constants) accuracy for
their static semiempirical coupled microstrip expressions.
Furthermore, the formulas of [24] are valid in an extended
range of geometrical parameters and are essentially con-
structed to incorporate the correct asymptotic behavior
with respect to these.

Nevertheless, there still exists no accurate frequency-
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dependent model for parallel coupled microstrip lines [24],
[27]. Getsinger’s dispersion model [15] can be shown to be
asymptotically wrong for extreme values of gap width [24],
and some of its limitations were reported already in 1973
{16]. This model gives relatively good results for alumina
substrates [22], [25] for which it has been adjusted. How-
ever, it becomes inaccurate when a wide range of geometri-
cal and substrate parameters is considered. In our experi-
ence, this limitation not only exists with respect to the
modal effective dielectric constants, but also for the even-
and odd-mode characteristic impedances of coupled micro-
strip lines. Furthermore, the ability of even a slightly
modified version of Getsinger’s dispersion model to de-
scribe the frequency dependence of coupled microstrip
characteristic impedances with fair accuracy has again
been demonstrated only for alumina [22], [25], and with
respect to the voltage—current definition of impedance
used in [10]. Theoretical and experimental work performed
very recently indicates that the power—current formulation
of characteristic impedance with its smaller frequency de-
pendence should be preferred for microstrip computer-
aided design [29]-[31]. Therefore, a thorough modification
of Getsinger’s coupled microstrip expressions as invoked in
recent publications [24], [27] is performed here to provide
accurate wide-range frequency-dependent design formulas,
In addition, further refinement of part of the static equa-
tions of Hammerstad and Jensen [24] is performed in order
to achieve better error margins as a start for wide-range
modeling of dispersion. This paper sets forth a modeling
approach previously applied to single microstrip lines
[31]-[33]. For completeness, it includes formulas for the
even- and odd-mode open-end equivalent lengths of the
coupled microstrip section. The necessary reference data
for these come from a three-dimensional hybrid-mode ap-
proach developed by Jansen [34], [35], which was meanwhile
verified by Hornsby’s results [36]. Therefore, the whole set
of equations presented here is based upon reliable, vali-
dated, and cross-referenced hybrid-mode data.

II. DisPERSIVE COUPLED MICROSTRIP MODEL

The analytical expressions which follow describe the
effective dielectric constants, the power—current character-
istic impedances, and the equivalent open-end lengths of
coupled microstrip lines. The named quantities are func-
tions of the substrate dielectric constant €,, the coupled
microstrip cross-sectional geometry as depicted in Fig. 1,
and are functions of frequency, except for the modal
open-end length A/, and A/,. The latter are relatively small
quantities and do not vary with frequency to a consider-
able degree in the usual range of applications up to about
18 GHz [34], [35].

The expressions given here have all been derived by
successive computer matching to converged numerical re-
sults stemming from a rigorous spectral-domain hybrid-
mode approach [11], [13], and [34]. The accuracies specified
for them are with respect to the numerical data basis
which, typically, consisted of several thousand test values.
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Fig. 1. Pictorial representation of coupled microstrip cross-sectional
geometry and even- and odd-mode open-end equivalent lengths.

The range of validity to which the given accuracies apply is

01<u<10 01<g<10 1<e<18 (1)

where v = w/h denotes normalized strip width and g = s/h
is the normalized line spacing. This covers the typical range
of technically meaningful parameters. Since the correct
asymptotic behavior, with respect to the physical parame-
ters, has been incorporated into the equations described
here, the equations can even be applied beyond the limits
of range (1), although with reduced accuracy. This is also
true with respect to the frequency dependence, which is
introduced here using the normalized quantity f,, where

f, = (t/GHz)- (h/mm) (2)

and the upper limit of which will be given separately for
each set of expressions. The influence of a conducting
cover plate or of lateral shielding walls is not taken into
account in the derived expressions, i.c., the shielding is
assumed to be far enough and of negligible effect on the
line parameters. This is in agreement with usual microstrip
circuit design practice. If corrections for small cover height
appear to become necessary in a design, the correction
formulas given by March [25] can be applied. Also, the
finite thickness of the strip conductors is not accounted for
in the formulas listed below. If conclusion of its effect is
desired, for example, in the case of very small widths w or
small spacings s, it is proposed to proceed in the way
outlined in previous publications [10], [22], and [25]. The
width correction introduced by Hammerstad and Jensen
[24] is not recommended, since this exaggerates the effect
of finite thickness on the characteristics; probably, there is
a misprint in the named reference. Starting with the model-
ing process, an accuracy check of the static model ‘of
Hammerstad and Jensen [24] with respect to the reference
basis used here [11], [13] shows that the static even-mode
effective dielectric constant of [24], denoted by e (0), is in
error by not more than 0.7 percent for the range of
applicability (1), while the corresponding odd-mode value,
€.r (0), is in error by about 4 percent in the case of low
dielectric constants and large widths and spacings. For this
reason, only the static value of e, (0) has been adopted
here from [24] and is rewritten as

€er (0) =0.5(¢, +1)+0.5(¢, —1)-(1+10,/v) " “e)-b,(¢,)
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v=u(20+g%)/(10+g*)+g-exp(- g)
a,(v) =1+In((v* +(0/52)°) /(v* +0.432)) /49
+In(1+(v/18.1)°) /18.7

b,(¢,) =0.564((e, —0.9) /(e, +3))°'°5f. 3)

In contrast to this, the static odd-mode parameter € (0)
has been remodeled for an improved accuracy of 0.5 per-
cent over the range (1) and is given by

€ (0) = (0.5(e, + 1)+ a,(u,¢,) t ey (0))
-exp(~ ¢, 8%) + € (0)
a,(u,€,)=0.7287( €. (0)—0.5(¢, + 1))
-(1—exp(—0.179u))
b,(€,)=0.747¢,/(0.15+¢,)
¢,=b,(e,)—(b,(e,)—0.207)-exp(—0.414u)
d, =0.593+0.694-exp (—0.562u) (4)

where the quantity e.(0) without additional subscript
refers to zero-thickness single microstrip [24] of width w. -
Frequency dispersion is introduced for both modes in the
same form as has been done previously for single micro-
strip [33], namely by

er, (F) =€ —(e,— €, 0)/(A+F. (£). (5)

This is a generalization of Getsinger’s dispersion relation
[15] and incorporates a more complicated form of frequency
dependence in the terms denoted by F,( f,) and F,(f,). For
the even mode on a coupled microstrip, this results in

F,(f,)= P,P,((PyP,+0.1844P,)-£,)"™  (6)

with

P, =0.27488+(0.6315+0.525 /(1 +0.0157f,) ) -u
—0.065683- exp (—8.7513u)
P, =0.33622- (1 —exp(—0.03442¢,))

P,=0.0363-exp(—4.6u)- (1-exp(—(f,/38.7)*"))
P,=1+2.751-(1-exp( - (¢, /15.916)"))
P;=0.334-exp( —3.3(¢,/15)°) +0.746
Py= Ps-exp(~(£,/18)""")

and
P, =1+4.069F,g°“exp (—1.347g°%% —0.17g2°).

For the odd-mode effective dielectric constant, the effect
of dispersion is described by

F,(f,) = P,P,-((P;P, +0.1844)-£,- P,s )" (7)

85
with
Py =0.7168(1+1.076 /(1 +0.0576(¢, —1)))
P, = P,—0.7913- (1-exp(—-(£,/20)"))
-arctan (2.481(¢, /8)**)
Py =0242-(e, —1)*%
Py, = 0.6366- (exp (—0.3401f,)—1)
-arctan (1 263(u/ 3)1'629)

Py, =Py +(1— Py)/(1+1.183u'3%)
P,;=1.695-P,,/(0.414+1.605P,,)

Py, =0.8928+0.1072- (1—exp( —0.42(,/20)**"))
Pys=abs(1-0.8928(1+ Py, ) Pyy-exp(~ Py g"%2) /Py,).

The upper frequency limit of these expressions, in con-
junction with the range of applicability (1), is f, =25, ie.,
25 GHz for substrates of 1-mm thickness, and even higher
for thinner substrates. Within this limit, the maximum
error involved is not greater than 1.4 percent. Additional
tests have shown that this error does not exceed if, for
example, dielectric constants near €, =12.9 and a normal-
ized frequency of f, =30 are considered. Note, however,
that these equations describe only undisturbed coupled
microstrip lines, and other limitations might become effec-
tive in a circuit.

For the coupled microstrip characteristic impedances,
again the attempt was made to use Hammerstad and
Jensen’s static formulas [24] as a starting point. However,
detailed test computations revealed that the error in these,
as compared to the hybrid-mode computer program em-
ployed here [11], [13], increases to about 1.5 percent for
special parameter combinations near the limits of (1).
Therefore, their usage would present problems, in so far as
they would not provide sufficient error margin for the later
inclusion of frequency dependence. So, for the static values
of the even- and odd-mode characteristic impedances of
coupled microstrip lines further improved expressions have
been derived. Specifically, for the even mode, the static
characteristic impedance is

Z,.(0) = Z,(0)- (e (0) /e (0))”
1/(1-(2,(0)/3772) (e (0))°*- ,)  (8)
with

0, = 0.8695- u°1%*

Q,=1+0.7519g +0.189- g>*

0, =0.1975+(16.6+(8.4/5)°) 0387

+In(g'%/(1+ (8/34)))/241
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Q4= (2Q1/Q2)

(exp(— g)-u + (2—exp(— g)-u %) .
The quantities without the subscript e in the main ex-
pression are again those for a zero-thickness single micro-
strip [24] of width w. Similarly, the odd-mode impedance is
written

Z,(0) = Z,(0) (e (0)/eer,(0))
‘1/(1 - (ZL (0)/3779) ) (feff (0))0’5 'Qlo) )
with
Q5 =1.794+1.14-In(1+0.638 /( g +0.517g2**))
0= 0.2305+1n(g1%/(1+(g/5.8)"")) /281.3

+1In(1+0.598g11%) /5.1
Q,=(10+190g%)/(1+82.3g°)

0y =exp(—6.5-0.95In(g)—(g,/0.15)°)
Qy=1n(Q,)-(Q5 +1/16.5)
010=07"(2:04— Qs exp(In(u)-Qg-u™%).

The accuracy of these new static expressions is better
than 0.6 percent for both modes in the range of validity (1).
Considering the frequency dependence of the characteristic
impedances, the power—current formulation prevails by
analogy to the treatment of a single microstrip [31]. Imped-
ance dispersion, as resulting from numerical hybrid-mode
computations [11], [13], is included for the even mode in
the form

Z,(,) = 2,.(0)-(0.9408 (e i (£,)) “ ~0.9603)
1/((0.9408— d,) (e (£,)) © ~0.9603) " (10)
with
C, =1+1.275(1—exp( —0.004625p €™
(£,/18.365) 7)) = Q1 + Q16 — Q1 + Q15 + g
d,=5.086¢q,(r,/(0.3838+0.3864, ))
-(exp (—22.24"%%) /(1+1.2992r,))
(e, =1)°/(1+10(¢, -1)°))
p, =4.766-exp (—3.228- 4 %641)
g, =0.016+(0.0514¢,- 0, )***
r,=(f,/28.843)"

and

0y =0.893-(1-0.3/(140.7(¢, —1)))
01, =2121((£,/20)*" /(1+ 0y (£,/20)*7))

-exp (—2.87g)- g%

01, =1+0.038(¢, /8)™"

01 =1+1.203(¢, /15)* /(1+ (e, /15)")

0,5 =1.887-exp(—1.5g%%)-g % (1+0.41( £, /15)°
¥/ /(0,125 + 1125/ 2))

O16=(1+9/(1+0.403(¢, ~1)°))- 0y

Q17 =0.394-(1—exp(—1.47(u/7)*"))

(1—exp(—4.25(4,/20)"))
Q15=0.61-(1—exp(—2.13(u/8)" )} /(1+6.544g%17)

019 = 0.21g*((1+0.18g**)-(1+0.1u)(1+ (£, /24)"))

Qs = (0.09 + 1/(1 +0.1(e, — 1)2'7))'Q19
Qn = abs(1-42.54g%1%-exp (- 0.812¢)
w3 /(1+0.033u%%)).

In the above equations, €. ( f,) denotes the single micro-
strip effective dielectric constant as described in [33] as a
function of frequency. The auxiliary quantity Q, also refers
to single microstrips. It is the exponential term which
appears in the description of single-line impedance disper-
sion in [31, eq. (5)] and is denoted by R;; there. Since it
consists of a chain of several expressions, it is not repeated
explicitly here. Instead, it is recommended that the previ-
ously given single-line expressions [31]-[33] and the equa-
tions presented here be used for implementation on a
desktop computer as a whole. For the odd-mode on cou-
pled microstrip lines, the frequency-dependent characteris-
tic impedance is modeled by

Z, (1) = 2.(1)
(200 (ear () /e (0)) * = Z,(£,)029)

(14 Qp +(0.468)*2-05)
with
Q01 = 0.925(1,/Qa6)" "/ (1+0.3( £, /30)**)
0,3 =1+0.0057, 05,
((1+0812(£,/15)%)- (1+0.02542))

Q0 = 2.506Q0,5- 1% (1 +1.3u)f, /99.25)*%

-(3.575+ u0®4) 7!

0,5 = (0.3£2/(10+ £2))
(142.333(e, = 1)*/(5+ (e, - 1)?))

Q25 =30-22.2(((¢,~1)/13)"/(1+3((e,—1)/13)"))
- Q29
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Fig. 2. The frequency-dependent even- and odd-mode effective dielec-
tric constants and characteristic impedances of coupled microstrip lines
on a plastic substate (RT-Duroid 5870, ¢, = 2.35, # = 0.79 mm). (a), (d)
w/h=225.(b), (€) w/h=3.0. (), () w/h=4.00.

Q17 =0.4g%%-(142.5(¢, = 1)"* /(5 + (¢, ~1)! )
01 =0.149(¢, — 1)’ /(94.5+0.038(c, — 1)°)

0,9 =15.16/(1+0.196(¢, —1)%).

The quantity Z,(f,) is the frequency-dependent
power—current characteristic impedance formulation of a
single microstrip with width w [31]. The range of applica-
bility (1) applies again, and the impedance equations (10)
and (11) are valid up to f, =20, with a maximum error
smaller than 2.5 percent. If the specified upper value of the
substrate dielectric constant is reduced from 18 to0 12.9, the
expressions can be used up to f, = 25 without a decrease in
accuracy. This would correspond to about 40 GHz for a

25-mil-thick substrate. Modeling accuracy is typically
better than 1.5 percent if usage is restricted to €, <12.9 and
f, <15. As outlined for the effective dielectric constants,
additional limitations may have to be regarded in an actual
microstrip circuit.

Pictorial representation of (5)—(7), and (10), (11) is given
in Figs. 2(a)-(f) and 3(a)—(f) for two widely used, commer-
cially available substrates, namely RT-Duroid 5870 (¢, =
2.35, h=0.79 mm) and alumina (e, = 9.70, £ = 0.64 mm).
These are included as an immediate design aid and as a
reference for the installation of the formulas on a com-
puter. The line widths in Figs. 2 and 3 were chosen so that
the equivalent single microstrip impedances, i.e., those for
very loose coupling, are grouped around 50 £. With the
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Fig. 3. The frequency dependent even- and odd-mode effective dielec-

tric constants and characteristic impedances of coupled microstrip lines
on a ceramic substrate (Alumina, €, =9.70, & =0.64 mm). (a), (d)

w/h=0.75. (b), (€) w/h =1.0. (c),

normalized line spacing g=s/h as a parameter, these
curves allow interpolation to obtain frequency-dependent
even- and odd-mode impedance values for design.
Analytical expressions for the even- and odd-mode
open-end equivalent lengths of the coupled microstrip sec-
tion [37] are also reproduced here for completeness. The
meaning of these quantities is illustrated in Fig. 1 and is
analogous to the single microstrip open-end effect [32].
Their application for improved filter and coupler design
has been outlined in a separate paper [37]. As for the single
microstrip end effect, the inclusion of frequency depen-
dence is not necessary for most design applications up to
about 18 GHz [32], [34], and [35], and often even beyond
that. In detail, the modal coupled microstrip equivalent

() w/h=1.33.

end-effect lengths are described by
Al = (Al(2u,e,)— Al(u,¢e,)+0.0198-h-g)
-exp(—0.328g2%)+ Al(u.¢,) (12)
with
R, =1.187-(1—exp (—0.069u>1))
and
Al,= (Al(u,e,)—h-R3)-(1—exp(— R,))+ 1R,
(13)

with
R, =0.343- 406187

+ (0.45€r/(1 + Er)) .y (1 357+ 1654140 7¢,))
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R;=0.2974-(1—exp(— R;))
= (0.271+0.0281¢, )+ g1 167066 +<,)
+(1.025¢, /(0.687 + ¢, )) - g @958e,A0T06 )

The end-effect quantities Al(u, €,) and Al(2u, €,), without
subscript, represent single-line values for widths w and 2w,
respectively. The range of applicability is again defined by
(1). The associated accuracy is 5 percent compared to the
numerical hybrid-mode data basis {34], [35] employed for a
fixed frequency of 4 GHz (actually, there is a slight in-
crease with frequency). This should be accurate enough for
most microstrip design purposes, since the length correc-
tions (12), (13) themselves seldom contribute to the electri-
cal length of a coupled microstrip section by more than
10-15 percent. It is observed that the even-mode equiva-
lent end-effect length A/, decreases asymptotically to that
of the corresponding smgle line A/, if the spacing s /A is
increased. Oppositely, the odd-mode length correction A/,
approaches the single-line value A/ from below.

Coupled microstrip loss has not been considered here.
The physical parameters required for such a computation,
like surface roughness, dielectric loss tangent, and sheet
resistivity, are not always known with good accuracy in
practice. Therefore, approximate calculations, as found in

several publications on the topic [10], [22], [24]-[28], seem

adequate for many microstrip design cases. Also, sensitivity
data for coupled microstrip lines has not been presented
here, but is available in the technical literature [26],
[38]-[40], or can be computed by the designer from the
closed-form expressions provided here.

IIL

Novel frequency-dependent analytical expressions have
been reported for the even- and odd-mode characteristics
of parallel coupled microstrip lines. They are given in a
form such that they can be implemented easily on a
desktop computer or a programmable pocket calculator. In
terms of their accuracy, which is specified for a very wide
range of validity up to millimeter-wave frequencies, the
described closed-form equations represent a considerable
improvement to the foundations of coupled microstrip
filter and coupler design. The equations are primarily set
up for use in computer-aided microstrip circuit optimiza-
tion routines, and are fully compatible with the needs and
trends of modern computer-aided microwave integrated
circuit design.

CONCLUSION
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